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Abstract
An asymptotic scaling law for drag in flat-plate turbulent boundary lay-
ers has been proposed [Dixit SA, Gupta A, Choudhary H, Singh AK and
Prabhakaran T. Asymptotic scaling of drag in flat-plate turbulent boundary
layers. Phys. Fluids 32, 041702 (2020)]. In this paper we suggest to amend
the scaling law by using a correction term derived from the logarithmic law
for the mean velocity in the streamwise direction.
1. Introduction
In [1], an asymptotic scaling law for drag in zero-pressure-gradient (ZPG)
flow has been derived based on an approximation of M , the kinematic mo-
mentum rate through the boundary layer:
M =
∫
δ
0
U2dz ∼ U2τ δ, (1)
where δ is the boundary layer thickness, U is the mean velocity in the stream-
wise direction, z is the distance from the wall and Uτ is the friction velocity
(we use ∼ to mean ”scales as”). In this paper, we will propose a correction
term to Equation (1).
The paper is structured as follows: In Section 2 we derive the correction
term from the logarithmic law for the mean velocity in the streamwise direc-
tion. We apply this correction term to the measurements from [1] in Section
3, discuss the findings in Section 4 and conclude in Section 5.
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2. Derivation of the correction term
Our first step is to introduce the ”log law” as formulated in [2]:
U+ =
1
κ
log(z+) + A, (2)
where U+ = U/Uτ , z
+ = zUτ/ν is the normalized distance from the wall, ν is
the kinematic viscosity, κ is the von Ka´rma´n constant and A is a constant for
a given wall roughness. Although not strictly correct (close to and far from
the wall), as our second step we will assume that the log law holds for the
entire boundary layer of ZPG flows and use this to estimate the kinematic
momentum rate through the boundary layer:
M =
∫
δ
0
U2dz
∼ U2
τ
δ ×[
2
κ2
−
2A
κ
+ A2 + log(Reτ )
(
2A
κ
−
2
κ2
)
+ log(Reτ )
2/κ2
]
, (3)
where Reτ = δUτ/ν is the friction Reynolds number.
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Figure 1: M/U2
τ
δ as a function of Reτ . Blue circles are measurements from Table I in [1],
the red solid (black dashed) line is the log law with original (fitted) constants, respectively.
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The term in the square brackets of Equation (3) is assumed to be a con-
stant in Equation (1) [1]; however, we show that it is in reality a function of
Reτ . In Figure 1, we show M/U
2
τ δ as a function of Reτ using all measure-
ments from Table I in [1]. It is clear that this ratio varies with Reτ , i.e. it is
not a constant and increases roughly a factor of 3 when Reτ increases around
two orders of magnitude. Also shown are two lines:
• Red solid line: Log law with original constants from [2]: κ = 0.39 and
A = 4.3
• Black dashed line: Log law with fitted constants: κfit = 0.39 and Afit =
5.7
Thus, we have demonstrated that M is a function of both δ and Reτ :
M ∼ U2
τ
δ × f(Reτ ), (4)
where
f(Reτ ) =
[
2
κ2
−
2A
κ
+ A2 + log(Reτ )
(
2A
κ
−
2
κ2
)
+ log(Reτ )
2/κ2
]
(5)
We note that the coefficient of determination R2 with fitted constants
is significantly larger than the one using the original constants, see Table
1. This shows that the fitted constants provide a better match than the
original ones. However, we can not expect perfect agreement because of the
assumptions made in deriving Equation (3).
Table 1: Fit parameters and coefficient of determination (R2) for the original and fitted
f(Reτ ).
Log law constants κ A R2
Original 0.39 4.3 0.80464
Fitted 0.39 5.7 0.94960
The asymptotic scaling law derived in [1] is:
U˜τ ∼
1√
δ˜
, (6)
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where
U˜τ =
Uτν
M
∼
ν
Uτδ
=
1
Reτ
(7)
is named the ”dimensionless drag” and
δ˜ =
δM
ν2
∼
δ2U2
τ
ν2
= Re2τ (8)
is the friction Reynolds number squared.
Our conclusion is to propose that Equation (4) should be used instead of
Equation (1). As a consequence, Equation (6) is modified to:
U˜τ ×
√
f(Reτ ) ∼
1√
δ˜
, (9)
where
√
f(Reτ ) is the correction term.
3. Application of the correction term
We fit all measurements in [1] to:
U˜τ = C × δ˜
D, (10)
where C and D are fit parameters, see Table 2 and Figure 2. Equations (7)
and (8) in [1] are both power-laws, but fitted to smaller and larger δ˜ values,
respectively: This is referred to as the ”discrete model”. Another model, the
”continuous model” is presented as Equation (9) in [1] and covers the entire
range of δ˜. As can be seen from Table 2, the R2 of the continuous model
is larger than the R2 of the two discrete models, i.e. the continuous model
performs better than the discrete models in fitting the measurements.
The next two fits are using the correction term
√
f(Reτ ), either with the
original log law constants:
U˜τ ×
√
f(Reτ )original constants = C × δ˜
D, (11)
or with the fitted log law constants:
U˜τ ×
√
f(Reτ )fitted constants = C × δ˜
D, (12)
4
Table 2: Fit parameters and coefficient of determination (R2) for fits in [1] and this paper.
Equation C D R2
Equation (7) in [1] 0.15144 -0.55745 0.99982
Equation (8) in [1] 0.10869 -0.54261 0.99992
Equation (9) in [1] - - 0.99998
Equation (10) 0.17291 -0.56439 0.99991
Equation (11) 1.06598 -0.50629 0.99992
Equation (12) 1.23257 -0.51017 0.99992
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Figure 2: Measurements from [1] and fit to Equation (10).
see Table 2 and Figure 3. The quality of the fits is similar to the one from
Equation (10), but the fits with the correction term are interesting because
their exponents are very close to 1/2. Thus, the deviation from 1/2 using
Equation (10) may not only be because Re is not sufficiently large, but also
because the correction term is not included.
4. Discussion
By comparing fit results from Equation (10) to results from Equations
(11) and (12) - see Table 2 - we find that the correction term scales weakly
with δ˜:
√
f(Reτ ) ∼ δ˜
0.05, (13)
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Figure 3: Measurements from [1] with correction terms applied and fits to Equations (11)
and (12).
which is the reason that the fits with the correction term have an exponent
which is closer to 1/2.
For the case with correction term using the original log law constants
(Equation (11)), we also see that the multiplier C is close to 1 (1.06598, see
Table 2); thus, for that case we propose an exact equation which matches
the measurements quite well:
U˜τ ×
√
f(Reτ )original constants =
1√
δ˜
(14)
Regarding measurements, we note that there is quite a large variation for
large Reτ (Figure 1) and, equivalently, at high δ˜ (Figures 2 and 3). This leads
us to speculate that the measurements might have had different roughnesses,
which e.g. impacts A in the log law. It is not clear to us from the description
in [1] if this is indeed the case.
5. Conclusions
We have derived a correction term to the asymptotic scaling law of drag
in ZPG turbulent boundary layers [1]. The correction term has been applied
to existing measurements and demonstrates that it leads to scaling with an
exponent closer to -1/2 than the original scaling law.
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